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Abstract 
Generalized expressions for second harmonic scattering from isotropically distributed liquid 
molecules are derived for arbitrary scattering angles and polarization states.  
 
Introduction 
Second harmonic generation (SHG) is widely used as a powerful tool to probe the molecular 
structure and nonlinear optical properties of liquids, nanostructures and interfaces.1-3 As a 
second-order nonlinear optical process, SHG is especially sensitive to both structural and 
electronic anisotropy in a material. A recent study of electrolyte solutions, using femtosecond 
elastic second harmonic scattering (SHS), has found that electrolytes induce long-range 
orientational order in water, starting at electrolyte concentrations as low as 10 M, and the 
observed isotope effects indicate the important role of water hydrogen-bonding in the bulk 
water structuring.4 These findings indicate that SHS from liquids consists of an incoherent 
and a coherent component. The coherent component originates only from correlated 
molecules. The second harmonic (SH) intensity is thus given by the following sum5 
𝐼(2𝜔) ∝ 𝑁 {〈(𝛽𝑖𝑗𝑘
(2))
2
〉𝑖𝑛𝑐𝑜ℎ + 〈(𝛽𝑖𝑗𝑘
(2))
2
〉𝑐𝑜ℎ}    (1) 
in which 𝑁 is the number density of molecules, 𝛽𝑖𝑗𝑘
(2)
 is the tensor element of the second-order 
hyperpolarizability 𝜷(2). 〈 〉 represents an ensemble orientational average over all involved 
molecules. incoh and coh denote the incoherent and coherent contribution to SHS 
respectively.  
The results of Ref. 4 have initiated theoretical studies to understand the nature of the 
coherent term6,7. Although previous studies8 have noted a deviation between SHS from 
liquids and the response of isotropically distributed molecules with a static geometry, the 
liquid has been considered as an isotropic distribution of molecules. The incoherent SHS 
from isotropic liquids is commonly referred to as hyper-Rayleigh scattering (HRS). Terhune 
et al.9 reported on HRS from water in 1965 and in the same year Cyvin et al.10 proposed the 
first basic theory of HRS. Following that, the theory of HRS was further developed in great 
detail by Bersohn et al.5, Kauranen and Persoons11, and other authors12,13: The work of Cyvin 
et al.10 focused on the symmetry properties of 𝜷(2) and its link to the HRS response of liquids. 
The geometry of the input and measured optical field was not considered. Bersohn et al.5 
developed a more general theory for HRS including considerations of the scattering 
geometry. Kauranen and Persoons11 focused on using specific scattering geometries with 
non-collinear input of optical fields to retrieve values of the molecular hyperpolarizability from 
experiments. The work of Shelton13 discussed HRS from transverse and longitudinal nonlocal 
modes and from local modes. Only two linear polarizations of the input light were considered.  
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In this work, we first present the derivation of general expressions of HRS intensities 
measured at arbitrary positions in 3-dimensional space with collinear incident laser beams of 
arbitrary polarizations. Then, we show general and complete expressions of HRS intensities 
from isotropic liquids in SI units with a discussion about independent non-zero 𝜷(2) tensor 
elements. Differences with the abovementioned works are discussed and we provide a list of 
where we think errors or typos have appeared. 
 
Basic theory of second harmonic scattering from molecules 
We consider an experimental scheme as shown in Fig. 1. A laser beam with the 
frequency 𝜔 and wavevector 𝒌1 is focused into a liquid sample. We define, in the frequency 
domain, the electric field of the incident laser beam felt by molecule 𝑣 at position 𝒓 as 
?̃?𝑣(𝜔) ≡ 𝑬(𝜔)𝑒
𝑖𝒌1∙𝒓 = (𝐸𝑥?̂? + 𝑒
𝑖𝜙0𝐸𝑦?̂?)𝑒
𝑖𝒌1∙𝒓,   (2) 
where ?̂? and ?̂? are the unit vectors along the x- and y-axis of the lab frame, respectively. 𝜙0 
is the phase difference between the two orthogonal components, 𝐸𝑥 and 𝐸𝑦, of the electric 
field and thus reflects the polarization state of the incident laser beam. Attenuation of the 
incident laser beam during propagation is neglected here. Linear polarization P (S) is defined 
as the linear polarization state of light field in the direction parallel (perpendicular) to the 𝑥𝑧-
scattering plane. Thus, 𝐸𝑥 ≠ 0,𝐸𝑦 = 0 for P polarization and 𝐸𝑥 = 0, 𝐸𝑦 ≠ 0 for S polarization. 
Note that (𝜔) is omitted for 𝐸𝑥 and 𝐸𝑦 to simplify the notation.  
For each molecule, the incident laser beam induces a second-order molecular dipole 
?̃?(2)  that oscillates at 2𝜔  and emits second harmonic light. For molecule 𝑣 , the induced 
molecular dipole is given by5 
?̃?𝑣
(2)
≡ 𝒑𝑣
(2)
𝑒𝑖2𝒌1∙𝒓 = 𝜷𝑣
(2)
: ?̃?𝑣(𝜔)?̃?𝑣(𝜔)    (3) 
in which 𝜷𝑣
(2)
 represents the second-order hyperpolarizability of molecule 𝑣, a rank-3 tensor 
that characterizes the SH response of the molecule. Here 𝜷𝑣
(2)
 is given in the same 
coordinate system as ?̃?𝑣(𝜔), that is, the lab frame. Inserting Eq. 2 into Eq. 3, we obtain the 
three orthogonal components of the induced second-order molecular dipole as 
𝑝𝑣,𝑥
(2) = 𝛽𝑣,𝑥𝑦𝑦
(2)
𝐸𝑦
2𝑒𝑖2𝜙0 + 𝛽𝑣,𝑥𝑥𝑥
(2)
𝐸𝑥
2 + (𝛽𝑣,𝑥𝑦𝑥
(2) + 𝛽𝑣,𝑥𝑥𝑦
(2) )𝐸𝑥𝐸𝑦𝑒
𝑖𝜙0   
𝑝𝑣,𝑦
(2) = 𝛽𝑣,𝑦𝑦𝑦
(2)
𝐸𝑦
2𝑒𝑖2𝜙0 + 𝛽𝑣,𝑦𝑥𝑥
(2)
𝐸𝑥
2 + (𝛽𝑣,𝑦𝑦𝑥
(2) + 𝛽𝑣,𝑦𝑥𝑦
(2) )𝐸𝑥𝐸𝑦𝑒
𝑖𝜙0   
𝑝𝑣,𝑧
(2) = 𝛽𝑣,𝑧𝑦𝑦
(2)
𝐸𝑦
2𝑒𝑖2𝜙0 + 𝛽𝑣,𝑧𝑥𝑥
(2)
𝐸𝑥
2 + (𝛽𝑣,𝑧𝑦𝑥
(2) + 𝛽𝑣,𝑧𝑥𝑦
(2) )𝐸𝑥𝐸𝑦𝑒
𝑖𝜙0          (4) 
where the subscript in 𝜷𝑣
(2)
 (e.g. 𝑥𝑦𝑦 in 𝛽𝑣,𝑥𝑦𝑦
(2)
) denotes the polarization state of ?̃?𝑣
(2)
 and the 
two incident light field, respectively. 
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Figure 1. Schematic illustration of an HRS experiment. The Cartesian coordinate system 
(𝑥, 𝑦 𝑧) defines the lab frame and (𝑎, 𝑏, 𝑐) defines the molecular frame. The inset A illustrates 
the molecular frame (𝑎, 𝑏, 𝑐) of an individual water molecule. The lab frame and molecular 
frame are related by the Euler angles 𝜓𝑣 , 𝜃𝑣, and 𝜙𝑣. The inset B shows a side-view of the 
polarization states of the emitted electric field, in the direction along the vector –𝑹 (which 
points into the paper). 𝜑𝑒 is the angle between the unit vector ?̂?2 and the plane defined by 𝑧-
axis and 𝑹.   
 
At the far-field observation position 𝑹, where |𝑹| ≫ |𝒓|, the electromagnetic field of 
the emitted SH light from the induced molecular dipole at position 𝒓′ is given by14 
?̃?𝑣(2𝜔) =
𝑘0,𝑣
2 𝑒𝑖𝒌0,𝑣∙(𝑹−𝒓
′)
4𝜋𝜖0𝑅
(?̂? × ?̃?𝑣
(2)
) × ?̂?    (5) 
where 𝑘0,𝑣 represents the magnitude of 𝒌0,𝑣, the wavevector of the emitted SH light from the 
induced molecular dipole ?̃?𝑣
(2)
. The direction of 𝒌0,𝑣 is given by the unit vector ?̂?0,𝑣 =
𝑹−𝒓
|𝑹−𝒓|
~?̂? 
for |𝑹| ≫ |𝒓|. Therefore, for SHS in a small volume at the focus of the incident laser beam, 
the difference in the wavevector 𝒌0,𝑣  of different molecules is negligible and we can 
approximate 𝒌0,𝑣 as 𝒌0 for all molecules. ?̂? is the unit vector in the direction of 𝑹 and is given 
by 
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?̂? = sin 𝜃𝑅 cos𝜙𝑅 ?̂? + sin𝜃𝑅 sin𝜙𝑅 ?̂? + cos𝜃𝑅 ?̂?   (6) 
𝜃𝑅 is the polar angle between ?̂? and the 𝑧-axis and 𝜙𝑅 is the azimuthal angle between the 𝑥-
axis and the projection of ?̂? in the 𝑥𝑦-plane as illustrated in Fig. 1.  Inserting Eq. 6 into Eq. 5, 
we can expand the expression of ?̃?𝑣(2𝜔) as 
?̃?𝑣(2𝜔) ≡ 𝑬𝑣(2𝜔)𝑒
𝑖𝒌0∙(𝑹−𝒓)+𝑖2𝒌1∙𝒓, where 𝑬𝑣(2𝜔) ≡ 𝐸𝑣,𝑥(2𝜔)?̂? + 𝐸𝑣,𝑦(2𝜔)?̂? + 𝐸𝑣,𝑧(2𝜔)?̂?, and 
𝐸𝑣,𝑥(2𝜔) =
𝑘0,𝑣
2
4𝜋𝜖0𝑅
(𝑝𝑣,𝑥
(2)(cos2 𝜃𝑅 + sin
2 𝜃𝑅 sin
2𝜙𝑅) − 𝑝𝑣,𝑦
(2) sin2 𝜃𝑅 sin𝜙𝑅 cos𝜙𝑅
− 𝑝𝑣,𝑧
(2) sin𝜃𝑅 cos𝜃𝑅 cos𝜙𝑅) 
𝐸𝑣,𝑦(2𝜔) =
𝑘0,𝑣
2
4𝜋𝜖0𝑅
(−𝑝𝑣,𝑥
(2) sin2 𝜃𝑅 sin𝜙𝑅 cos𝜙𝑅 + 𝑝𝑣,𝑦
(2)(sin2 𝜃𝑅 cos
2𝜙𝑅 + cos
2 𝜃𝑅)
− 𝑝𝑣,𝑧
(2) sin𝜃𝑅 cos𝜃𝑅 sin𝜙𝑅) 
𝐸𝑣,𝑧(2𝜔) =
𝑘0,𝑣
2
4𝜋𝜖0𝑅
(−𝑝𝑣,𝑥
(2) sin𝜃𝑅 cos 𝜃𝑅 cos𝜙𝑅 − 𝑝𝑣,𝑦
(2) sin 𝜃𝑅 cos 𝜃𝑅 sin𝜙𝑅 + 𝑝𝑣,𝑧
(2) sin2 𝜃𝑅) 
(7) 
The exponential term 𝑒𝑖𝒌0∙(𝑹−𝒓)+𝑖2𝒌1∙𝒓  reflects the phase change of 𝑬𝑣(2𝜔)  and can be 
rewritten as 𝑒𝑖𝒌0∙𝑹−𝑖𝒒∙𝒓, in which 𝒒 ≡ 𝒌0 − 2𝒌1 is the scattering wavevector. 
As light is a transverse wave, at detection, the polarization state of the scattered SH 
field is typically analyzed in two orthogonal directions that are perpendicular to the 
wavevector. As illustrated in Fig. 1, we specify the directions of the analyzed polarizations as  
?̂?1 = −(sin𝜑𝑒 cos𝜃𝑅 cos𝜙𝑅 + cos𝜑𝑒 sin𝜙𝑅)?̂? + (cos𝜑𝑒 cos𝜙𝑅 − sin𝜑𝑒 cos 𝜃𝑅 sin𝜙𝑅)?̂?
+ sin𝜑𝑒 sin𝜃𝑅 ?̂? 
?̂?2 = (cos𝜑𝑒 cos𝜃𝑅 cos𝜙𝑅 − sin𝜑𝑒 sin𝜙𝑅)?̂? + (cos𝜑𝑒 sin𝜙𝑅 cos 𝜃𝑅 + sin𝜑𝑒 cos𝜙𝑅)?̂?
− cos𝜑𝑒 sin 𝜃𝑅 ?̂? 
(8) 
𝜑𝑒  is the angle between the unit vector ?̂?2 and the plane defined by the 𝑧-axis and 𝑹 as 
illustrated in Fig. 1. Accordingly, the scattered SH field can be expressed as the sum of the 
two orthogonal components along ?̂?1 and ?̂?2 respectively by combining Eqs. 7 and 8: 
𝑬𝑣(2𝜔) =
𝑘0,𝑣
2
4𝜋𝜖0𝑅
{[𝑝𝑣,𝑥
(2)(− sin𝜙𝑅 cos𝜑𝑒 − cos 𝜃𝑅 cos𝜙𝑅 sin𝜑𝑒) + 𝑝𝑣,𝑦
(2)(cos𝜙𝑅 cos𝜑𝑒 −
cos𝜃𝑅 sin𝜙𝑅 sin𝜑𝑒) + 𝑝𝑣,𝑧
(2) sin𝜃𝑅 sin𝜑𝑒] ?̂?1 + [𝑝𝑣,𝑥
(2)(− sin𝜙𝑅 sin𝜑𝑒 + cos 𝜃𝑅 cos𝜙𝑅 cos𝜑𝑒) +
𝑝𝑣,𝑦
(2)(cos𝜙𝑅 sin𝜑𝑒 + cos 𝜃𝑅 sin𝜙𝑅 cos𝜑𝑒) − 𝑝𝑣,𝑧
(2) sin 𝜃𝑅 cos𝜑𝑒] ?̂?2}. (9) 
For measurements of the scattered SH field in the 𝑥𝑧 -scattering plane 𝜙𝑅 = 0  or 𝜋  and 
𝜃𝑅 ∈ [0, 𝜋]. This is equivalent to 𝜙𝑅 = 0 and 𝜃𝑅 ∈ [−𝜋, 𝜋]. Then, inserting these conditions 
into Eq. 9, we can express the scattered SH field in the scattering plane as 
𝑬𝑣(2𝜔) =
𝑘0,𝑣
2
4𝜋𝜖0𝑅
{(−𝑝𝑣,𝑥
(2) cos 𝜃𝑅 sin𝜑𝑒 + 𝑝𝑣,𝑦
(2) cos𝜑𝑒 + 𝑝𝑣,𝑧
(2) sin𝜃𝑅 sin𝜑𝑒) ?̂?1 + (𝑝𝑣,𝑥
(2) cos 𝜃𝑅 cos𝜑𝑒 +
𝑝𝑣,𝑦
(2) sin𝜑𝑒 − 𝑝𝑣,𝑧
(2) sin 𝜃𝑅 cos𝜑𝑒) ?̂?2}. (10) 
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Furthermore, for linear P and S polarization, 𝜑𝑒 = 𝜋 2⁄ , and we have ?̂?1 = −cos 𝜃𝑅 ?̂? +
sin𝜃𝑅 ?̂? and ?̂?2 = ?̂? indicating the directions of the P and S polarizations, respectively. In this 
case, Eq. 9 is further simplified as 
 𝑬𝑣(2𝜔) =
𝑘0,𝑣
2
4𝜋𝜖0𝑅
{(−𝑝𝑣,𝑥
(2) cos𝜃𝑅 + 𝑝𝑣,𝑧
(2) sin𝜃𝑅) ?̂?1 + (𝑝𝑣,𝑦
(2)) ?̂?2}.  (11) 
 Treating all molecules as individual scatterers, we can sum up all the SH fields from 
every molecule and then obtain the total SH intensity (which is the normally measured 
quantity in experiments) as5 
𝐼(2𝜔) =
𝑐𝑛𝜖0
2
|∑ ?̃?𝑣(2𝜔)𝑣 |
2
=
𝑐𝑛𝜖0
2
{ ∑ |𝑬𝑣(2𝜔)|
2
𝑣⏟        
self−correlations,
incoherent
+ ∑ 𝑬𝑣(2𝜔)𝑬𝑣′
∗ (2𝜔)𝑒𝑖𝒒∙(𝒓−𝒓′)𝑣≠𝑣′⏟                    
cross−correlations,
coherent
} (12) 
where 𝑐 is the velocity of light in vacuum, 𝑛 is the refractive index of air, and 𝑬𝑣′
∗ (2𝜔) is the 
complex conjugate of 𝑬𝑣′(2𝜔) . The first term in Eq. 12 represents self-correlations of 
individual molecules and is an incoherent HRS contribution to the total SH intensity; the 
second term, i.e. the double summation over 𝑣 and 𝑣′, represents cross-correlations between 
molecules and leads to a coherent contribution to the total SH intensity. The correlation 
between two molecules will thus obtain a phase factor 𝑒𝑖𝒒∙(𝒓−𝒓′), in which 𝒒 ∙ (𝒓 − 𝒓′) is the 
phase difference between the SH field of the two molecules. Combining Eqs. 4, 9, and 12, 
we can express the experimentally measured SHS intensity as a function of the molecular 
hyperpolarizability 𝜷(2) of individual molecules and their correlations.  
 
Molecular hyperpolarizability 
𝜷(2) characterizes the SH response of a molecule and is intrinsically written in the molecular 
frame. The values of 𝜷(2) tensor elements are determined by the nature of the second-order 
optical process (resonant or non-resonant) and the electronic structure of the molecule.10 For 
non-resonant SHG in lossless media in which the chromatic dispersion is negligible, the 
values of 𝜷(2) elements are real and the following permutation symmetry holds1 
𝛽𝑖𝑗𝑘
(2)
= 𝛽𝑖𝑘𝑗
(2)
= 𝛽𝑗𝑖𝑘
(2)
= 𝛽𝑗𝑘𝑖
(2)
= 𝛽𝑘𝑗𝑖
(2)
= 𝛽𝑘𝑖𝑗
(2)
   (13) 
The number of independent 𝜷(2) tensor elements can be further reduced according to the 
spatial symmetry of the molecule. The water molecule (H2O) belongs to the point group C2v 
with two planes of symmetry, the 𝑎𝑐- and 𝑏𝑐-plane, and a 2-fold axis of symmetry, the 𝑐-axis. 
The coordinate system (𝑎, 𝑏, 𝑐) defines the molecular frame. As a molecular property, 𝜷(2) of 
water possesses the same symmetry. Accordingly, the non-zero 𝜷(2) elements of water are 
as follows and related as Eq. 13 for elastic non-resonant SHS: 
𝛽𝑎𝑎𝑐
(2) = 𝛽𝑎𝑐𝑎
(2) = 𝛽𝑐𝑎𝑎
(2) ,  
𝛽𝑏𝑏𝑐
(2) = 𝛽𝑏𝑐𝑏
(2) = 𝛽𝑐𝑏𝑏
(2) ,  
𝛽𝑐𝑐𝑐
(2)
.          (14) 
It is worth noting that theoretical studies commonly assume 𝜷(2)  to be constant, 
independent of the environment and molecular geometry.15-19 However, as recently reported 
in Ref. 7, the values of the 𝜷(2) elements of water fluctuate significantly and show broad 
distributions due to the inhomogeneity of the local environment and nuclear quantum effects. 
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In addition, the molecular symmetry is found to be broken by fluctuations in the liquid phase. 
For liquid water, the instantaneous 𝜷(2) tensor has 7 more independent non-zero elements 
with broad distributions around zero (thus having mean values of zero). It is therefore likely 
that for femtosecond experiments, distributions of the 𝜷(2)  elements rather than constant 
values need to be considered. We will however neglect this here. 
A conversion of the above 𝜷𝑣
(2)
 elements from the molecular frame to the lab frame is 
needed for the calculation in Eq. 4. This conversion of 𝜷𝑣
(2)
 from the molecular frame of 
individual molecules to the lab frame is determined by the orientation of the molecule. As 
shown in Fig. 1, in the lab frame, the orientation of molecule 𝑣 is described by the three Euler 
angles 𝜙𝑣, 𝜃𝑣, and 𝜓𝑣. The conversion from the molecular frame (𝑎, 𝑏, 𝑐) to the lab frame 
(𝑥, 𝑦, 𝑧) can be given by 
?̂? = (cos𝜙𝑣 cos𝜓𝑣 cos 𝜃𝑣 − sin𝜓𝑣 sin𝜙𝑣)?̂? + (−sin𝜙𝑣 cos𝜓𝑣 − cos𝜙𝑣 cos 𝜃𝑣 sin𝜓𝑣)?̂?
+ sin𝜃𝑣 cos𝜙𝑣 ?̂? 
?̂? = (cos𝜓𝑣 sin𝜙𝑣 cos 𝜃𝑣 + cos𝜙𝑣 sin𝜓𝑣)?̂? + (cos𝜓𝑣 cos𝜙𝑣 − sin𝜙𝑣 sin𝜓𝑣 cos 𝜃𝑣)?̂?
+ sin𝜙𝑣 sin𝜃𝑣 ?̂? 
?̂? = − cos𝜓𝑣 sin𝜃𝑣 ?̂? + sin𝜓𝑣 sin 𝜃𝑣 ?̂? + cos 𝜃𝑣 ?̂?              (15) 
The ‘y convention’ described on page 607 in Ref. 20 is adopted here for the Euler angles. 
 
Calculation of the incoherent SHS intensity 
Given the large number of molecules involved in this optical process, the summation in Eq. 
12 is equivalent to a statistical average over all the molecules multiplied by the number of 
molecules. Thus, the incoherent SHS, or equivalently HRS, intensity can be given by 
𝐼(2𝜔) =
𝑐𝑛𝜖0
2
𝑁𝑚𝑉〈|𝑬𝑣(2𝜔)|
2〉      (16) 
where 𝑁𝑚 is the number density of the molecule, and 𝑉 is the volume in which molecules 
contribute to the SHS intensity and typically corresponds to the focal volume of the incident 
laser beam. For the SHS field that is analyzed in the polarization direction of ?̂?1, the HRS 
intensity can be given by inserting Eq. 9 into Eq. 16: 
𝐼(2𝜔) =
𝑐𝑛𝑘0
4𝑁𝑚𝑉
32𝜋2𝜖0𝑅2
〈|𝑝𝑥
(2)(− sin𝜙𝑅 cos𝜑𝑒 − cos 𝜃𝑅 cos𝜙𝑅 sin𝜑𝑒)
+ 𝑝𝑦
(2)(cos𝜙𝑅 cos𝜑𝑒 − cos 𝜃𝑅 sin𝜙𝑅 sin𝜑𝑒) + 𝑝𝑧
(2) sin 𝜃𝑅 sin𝜑𝑒|
2
〉 
=
𝑐𝑛𝑘0
4𝑁𝑚𝑉
32𝜋2𝜖0𝑅2
〈|𝑝𝑥
(2)|
2
(sin𝜙𝑅 cos𝜑𝑒 + cos𝜃𝑅 cos𝜙𝑅 sin𝜑𝑒)
2 + |𝑝𝑦
(2)|
2
(cos𝜙𝑅 cos𝜑𝑒 −
cos 𝜃𝑅 sin𝜙𝑅 sin𝜑𝑒)
2 + |𝑝𝑧
(2)|
2
sin2 𝜃𝑅 sin
2𝜑𝑒 −
[𝑝𝑥
(2) (𝑝𝑦
(2))
∗
+ 𝑝𝑦
(2) (𝑝𝑥
(2))
∗
] (sin𝜙𝑅 cos𝜑𝑒 + cos 𝜃𝑅 cos𝜙𝑅 sin𝜑𝑒)(cos𝜙𝑅 cos𝜑𝑒 −
cos 𝜃𝑅 sin𝜙𝑅 sin𝜑𝑒) −
[𝑝𝑥
(2) (𝑝𝑧
(2))
∗
+ 𝑝𝑧
(2) (𝑝𝑥
(2))
∗
] (sin𝜙𝑅 cos𝜑𝑒 + cos 𝜃𝑅 cos𝜙𝑅 sin𝜑𝑒) sin𝜃𝑅 sin𝜑𝑒 +
[𝑝𝑦
(2) (𝑝𝑧
(2))
∗
+ 𝑝𝑧
(2) (𝑝𝑦
(2))
∗
] (cos𝜙𝑅 cos𝜑𝑒 − cos 𝜃𝑅 sin𝜙𝑅 sin𝜑𝑒) sin𝜃𝑅 sin𝜑𝑒〉 
               (17) 
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where (𝑝𝑦
(2))
∗
 represents the complex conjugate of (𝑝𝑦
(2)). As shown in Eq. 17, to obtain the 
incoherent SHS intensity, it is essential to calculate ensemble average products of the 
Cartesian components of  𝒑(2). Given the expression of 𝒑(2) in Eq. 4, we can translate these 
products into a set of products of 𝜷(2)  elements. As expected for isotropic liquids, the 
molecules orient randomly with an even probability in all directions. The product 〈𝛽𝐼𝐽𝐾𝛽𝐼′𝐽′𝐾′〉, 
where the subscripts can be 𝑥, 𝑦, or 𝑧, possesses spatial centrosymmetry. Accordingly, even 
numbers of the indices 𝑥, 𝑦, and 𝑧 are required for nonzero product 〈𝛽𝐼𝐽𝐾𝛽𝐼′𝐽′𝐾′〉. We can list 
the products of 𝒑(2) components as follows 
〈|𝑝𝑥
(2)|
2
〉 = 〈(𝛽𝑥𝑦𝑦
(2) )
2
〉 𝐸𝑦
4 + 〈(𝛽𝑥𝑥𝑥
(2) )
2
〉 𝐸𝑥
4 + 〈(𝛽𝑥𝑦𝑥
(2) + 𝛽𝑥𝑥𝑦
(2) )
2
〉 𝐸𝑥
2𝐸𝑦
2 + 2 〈𝛽𝑥𝑦𝑦
(2) 𝛽𝑥𝑥𝑥
(2) 〉 𝐸𝑥
2𝐸𝑦
2 cos 2𝜙0 
〈|𝑝𝑦
(2)|
2
〉 = 〈(𝛽𝑦𝑦𝑦
(2) )
2
〉 𝐸𝑦
4 + 〈(𝛽𝑦𝑥𝑥
(2) )
2
〉 𝐸𝑥
4 + 〈(𝛽𝑦𝑦𝑥
(2) + 𝛽𝑦𝑥𝑦
(2) )
2
〉 𝐸𝑥
2𝐸𝑦
2 + 2 〈𝛽𝑦𝑦𝑦
(2) 𝛽𝑦𝑥𝑥
(2) 〉 𝐸𝑥
2𝐸𝑦
2 cos2𝜙0 
〈|𝑝𝑧
(2)|
2
〉 = 〈(𝛽𝑧𝑦𝑦
(2) )
2
〉 𝐸𝑦
4 + 〈(𝛽𝑧𝑥𝑥
(2) )
2
〉 𝐸𝑥
4 + 〈(𝛽𝑧𝑦𝑥
(2) + 𝛽𝑧𝑥𝑦
(2) )
2
〉 𝐸𝑥
2𝐸𝑦
2 + 2 〈𝛽𝑧𝑦𝑦
(2) 𝛽𝑧𝑥𝑥
(2) 〉 𝐸𝑥
2𝐸𝑦
2 cos2𝜙0 
〈𝑝𝑥
(2) (𝑝𝑦
(2))
∗
+ 𝑝𝑦
(2) (𝑝𝑥
(2))
∗
〉 = 2 〈𝛽𝑥𝑦𝑦
(2) 𝛽𝑦𝑦𝑥
(2) + 𝛽𝑥𝑦𝑦
(2) 𝛽𝑦𝑥𝑦
(2) + 𝛽𝑦𝑦𝑦
(2)
𝛽𝑥𝑦𝑥
(2) + 𝛽𝑦𝑦𝑦
(2)
𝛽𝑥𝑥𝑦
(2) 〉 𝐸𝑥𝐸𝑦
3 cos𝜙0 +
                                                          2 〈𝛽𝑥𝑥𝑥
(2) 𝛽𝑦𝑦𝑥
(2) + 𝛽𝑥𝑥𝑥
(2) 𝛽𝑦𝑥𝑦
(2) + 𝛽𝑦𝑥𝑥
(2)
𝛽𝑥𝑦𝑥
(2) + 𝛽𝑦𝑥𝑥
(2)
𝛽𝑥𝑥𝑦
(2) 〉 𝐸𝑥
3𝐸𝑦 cos𝜙0  
〈𝑝𝑥
(2) (𝑝𝑧
(2))
∗
+ 𝑝𝑧
(2) (𝑝𝑥
(2))
∗
〉 = 〈𝑝𝑧
(2) (𝑝𝑦
(2))
∗
+ 𝑝𝑦
(2) (𝑝𝑧
(2))
∗
〉 = 0     (18) 
For an isotropic medium, the lab frame indices 𝑥, 𝑦 and 𝑧 for the subscripts of 〈𝛽𝐼𝐽𝐾𝛽𝐼′𝐽′𝐾′〉 
can be mutually permuted. There are 5 permutation ways in total: 
{
𝑥 → 𝑦
𝑦 → 𝑧
𝑧 → 𝑥
, {
𝑥 → 𝑦
𝑦 → 𝑥
𝑧 → 𝑧
, {
𝑥 → 𝑧
𝑦 → 𝑥
𝑧 → 𝑦
, {
𝑥 → 𝑧
𝑦 → 𝑦
𝑧 → 𝑥
, {
𝑥 → 𝑥
𝑦 → 𝑧
𝑧 → 𝑦
    (19) 
Therefore, there are 10 independent 〈𝛽𝐼𝐽𝐾𝛽𝐼′𝐽′𝐾′〉 terms remaining in Eq. 18: 
 
ℎ 𝑏1 𝑏2 𝑏3 𝑏4 𝑏5 𝑐1 𝑐2 𝑐3 𝑑1 𝑑2 
〈(𝛽𝑦𝑦𝑦
(2) )
2
〉 
1
7
 
2
35
 
2
35
 
1
35
 
2
35
 
1
35
 
1
105
 
1
105
 
2
105
 
1
210
 
1
105
 
〈(𝛽𝑦𝑥𝑥
(2) )
2
〉 
1
35
 
4
105
 
−1
35
 
3
35
 
−1
35
 
2
105
 
1
35
 
−1
210
 
−1
105
 
1
70
 
−1
210
 
〈𝛽𝑧𝑦𝑦
(2) 𝛽𝑧𝑥𝑥
(2) 〉 
1
105
 
2
35
 
−1
105
 
1
35
 
−1
105
 
−1
210
 
8
105
 
1
105
 
−1
21
 
−1
84
 
1
105
 
〈𝛽𝑦𝑦𝑦
(2) 𝛽𝑦𝑥𝑥
(2) 〉 
1
35
 
11
105
 
1
210
 
2
105
 
1
210
 
−1
70
 
1
35
 
−1
210
 
1
42
 
−1
420
 
−1
210
 
〈(𝛽𝑦𝑦𝑥
(2) + 𝛽𝑦𝑥𝑦
(2) )
2
〉 
4
35
 
−4
35
 
2
105
 
8
105
 
2
105
 
8
105
 
−2
105
 
1
70
 
−4
105
 
1
42
 
1
70
 
〈(𝛽𝑧𝑦𝑥
(2) + 𝛽𝑧𝑥𝑦
(2) )
2
〉 
4
105
 
−4
105
 
−4
105
 
4
35
 
−4
105
 
1
21
 
−2
21
 
−1
35
 
8
105
 
11
210
 
−1
35
 
Table 1. Six independent 〈𝛽𝐼𝐽𝐾𝛽𝐼′𝐽′𝐾′〉 terms adapted from Ref. 
5. 
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ℎ 𝑏1 𝑏21 𝑏22 𝑏3 𝑏41 𝑏42 𝑏51 𝑏52 𝑏53 𝑐1 𝑐21 𝑐22 𝑐23 
〈𝛽𝑥𝑦𝑦
(2) 𝛽𝑦𝑦𝑥
(2) 〉 
1
35
 
1
210
 
−1
35
 
1
210
 
−1
70
 
11
105
 
1
210
 
2
105
 
−1
70
 
1
210
 
−1
210
 
−1
210
 
−1
105
 
−1
210
 
〈𝛽𝑥𝑦𝑦
(2) 𝛽𝑦𝑥𝑦
(2) 〉 
1
35
 
1
210
 
1
210
 
−1
35
 
−1
70
 
1
210
 
11
105
 
−1
70
 
2
105
 
1
210
 
−1
210
 
−1
210
 
−1
105
 
−1
210
 
〈𝛽𝑦𝑦𝑦
(2)
𝛽𝑥𝑦𝑥
(2) 〉 
1
35
 
1
210
 
11
105
 
1
210
 
−1
70
 
−1
35
 
1
210
 
2
105
 
−1
70
 
1
210
 
−1
210
 
1
35
 
1
42
 
−1
210
 
〈𝛽𝑦𝑦𝑦
(2)
𝛽𝑥𝑥𝑦
(2) 〉 
1
35
 
1
210
 
1
210
 
11
105
 
−1
70
 
1
210
 
−1
35
 
−1
70
 
2
105
 
1
210
 
−1
210
 
−1
210
 
1
42
 
1
35
 
 𝑐31 𝑐32 𝑑11 𝑑12 𝑑21 𝑑22 𝑑23 𝑑24 
 
〈𝛽𝑥𝑦𝑦
(2) 𝛽𝑦𝑦𝑥
(2) 〉 
−1
105
 
1
42
 
−1
210
 
−1
210
 
−1
210
 
−1
210
 
1
35
 
1
35
 
 
〈𝛽𝑥𝑦𝑦
(2) 𝛽𝑦𝑥𝑦
(2) 〉 
1
42
 
−1
105
 
−1
210
 
−1
210
 
1
35
 
1
35
 
−1
210
 
−1
210
 
〈𝛽𝑦𝑦𝑦
(2)
𝛽𝑥𝑦𝑥
(2) 〉 
1
42
 
−1
105
 
−1
210
 
−1
210
 
−1
210
 
−1
210
 
−1
210
 
−1
210
 
〈𝛽𝑦𝑦𝑦
(2)
𝛽𝑥𝑥𝑦
(2) 〉 
−1
105
 
1
42
 
−1
210
 
−1
210
 
−1
210
 
−1
210
 
−1
210
 
−1
210
 
Table 2. The other four independent 〈𝛽𝐼𝐽𝐾𝛽𝐼′𝐽′𝐾′〉 terms calculated for isotropic media. 
The parameters ℎ, 𝑏, 𝑐, and 𝑑 are defined as follows 
ℎ =∑(𝛽𝑖𝑖𝑖
(2))
2
𝑖
, 𝑏1 =∑𝛽𝑖𝑖𝑖
(2)𝛽𝑖𝑗𝑗
(2)
𝑖,𝑗
, 𝑏2 =∑𝛽𝑖𝑖𝑖
(2) (𝛽𝑗𝑖𝑗
(2) + 𝛽𝑗𝑗𝑖
(2))
𝑖,𝑗
, 
𝑏21 =∑𝛽𝑖𝑖𝑖
(2)𝛽𝑗𝑖𝑗
(2)
𝑖,𝑗
, 𝑏22 =∑𝛽𝑖𝑖𝑖
(2)𝛽𝑗𝑗𝑖
(2)
𝑖,𝑗
, 𝑏3 =∑(𝛽𝑖𝑗𝑗
(2))
2
𝑖,𝑗
, 𝑏4 =∑𝛽𝑖𝑗𝑗
(2) (𝛽𝑗𝑖𝑗
(2) + 𝛽𝑗𝑗𝑖
(2))
𝑖,𝑗
, 
𝑏41 =∑𝛽𝑖𝑗𝑗
(2)𝛽𝑗𝑗𝑖
(2)
𝑖,𝑗
, 𝑏42 =∑𝛽𝑖𝑗𝑗
(2)𝛽𝑗𝑖𝑗
(2)
𝑖,𝑗
, 𝑏5 =∑(𝛽𝑗𝑖𝑗
(2) + 𝛽𝑗𝑗𝑖
(2))
2
𝑖,𝑗
, 𝑏51 =∑(𝛽𝑗𝑖𝑗
(2))
2
𝑖,𝑗
, 
𝑏52 =∑(𝛽𝑗𝑗𝑖
(2))
2
𝑖,𝑗
, 𝑏53 =∑𝛽𝑗𝑖𝑗
(2)𝛽𝑗𝑗𝑖
(2)
𝑖,𝑗
, 𝑐1 =∑𝛽𝑖𝑗𝑗
(2)𝛽𝑖𝑘𝑘
(2)
𝑖,𝑗,𝑘
,   
𝑐2 =∑(𝛽𝑗𝑖𝑗
(2) + 𝛽𝑗𝑗𝑖
(2)) (𝛽𝑘𝑖𝑘
(2) + 𝛽𝑘𝑘𝑖
(2))
𝑖,𝑗,𝑘
, 𝑐21 =∑𝛽𝑗𝑖𝑗
(2)𝛽𝑘𝑖𝑘
(2)
𝑖,𝑗,𝑘
, 𝑐22 =∑𝛽𝑗𝑗𝑖
(2)𝛽𝑘𝑖𝑘
(2)
𝑖,𝑗,𝑘
, 
𝑐23 =∑𝛽𝑗𝑗𝑖
(2)𝛽𝑘𝑘𝑖
(2)
𝑖,𝑗,𝑘
, 𝑐3 =∑𝛽𝑖𝑗𝑗
(2) (𝛽𝑘𝑖𝑘
(2) + 𝛽𝑘𝑘𝑖
(2))
𝑖,𝑗,𝑘
, 𝑐31 =∑𝛽𝑖𝑗𝑗
(2)𝛽𝑘𝑖𝑘
(2)
𝑖,𝑗,𝑘
,  
𝑐32 =∑𝛽𝑖𝑗𝑗
(2)𝛽𝑘𝑘𝑖
(2)
𝑖,𝑗,𝑘
, 𝑑1 =∑(𝛽𝑖𝑗𝑘
(2) + 𝛽𝑖𝑘𝑗
(2))
2
𝑖,𝑗,𝑘
, 𝑑11 =∑(𝛽𝑖𝑗𝑘
(2))
2
𝑖,𝑗,𝑘
, 
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𝑑12 =∑𝛽𝑖𝑗𝑘
(2)𝛽𝑖𝑘𝑗
(2)
𝑖,𝑗,𝑘
, 𝑑2 =∑(𝛽𝑖𝑗𝑘
(2) + 𝛽𝑖𝑘𝑗
(2)) (𝛽𝑗𝑖𝑘
(2) + 𝛽𝑗𝑘𝑖
(2))
𝑖,𝑗,𝑘
, 𝑑21 =∑𝛽𝑖𝑗𝑘
(2)𝛽𝑗𝑖𝑘
(2)
𝑖,𝑗,𝑘
, 
𝑑22 =∑𝛽𝑖𝑘𝑗
(2)𝛽𝑗𝑖𝑘
(2)
𝑖,𝑗,𝑘
, 𝑑23 =∑𝛽𝑖𝑗𝑘
(2)𝛽𝑗𝑘𝑖
(2)
𝑖,𝑗,𝑘
, 𝑑24 =∑𝛽𝑖𝑘𝑗
(2)𝛽𝑗𝑘𝑖
(2)
𝑖,𝑗,𝑘
. 
(20) 
The subscripts 𝑖 (𝑗, 𝑘) refer to 𝑎, 𝑏, or 𝑐 of the molecular coordinate system. The conversion 
of 𝜷(2) tensor elements from the molecular frame to the lab frame follows the rules given by 
Eq. 15. The coefficients listed in Table 1 and 2 are calculated by doing orientational 
averaging of 〈𝛽𝑖𝑗𝑘𝛽𝑖′𝑗′𝑘′〉 for randomly oriented molecules. 
 For SHS in a lossless and dispersionless medium, the relations among 𝜷(2) tensor 
elements as described by Eq. 13 apply. Accordingly, the number of independent parameters 
ℎ, 𝑏, 𝑐, and 𝑑 as given in Eq. 20 is dramatically reduced to 5 as follows: 
ℎ, 𝑏1 =
1
2
𝑏2 = 𝑏21 = 𝑏22, 𝑏3 =
1
2
𝑏4 = 𝑏41 = 𝑏42 =
1
4
𝑏5 = 𝑏51 = 𝑏52 = 𝑏53, 
𝑐1 =
1
4
𝑐2 = 𝑐21 = 𝑐22 = 𝑐23 =
1
2
𝑐3 = 𝑐31 = 𝑐32, 
1
4
𝑑1 = 𝑑11 = 𝑑12 =
1
4
𝑑2 = 𝑑21 = 𝑑22 = 𝑑23 = 𝑑24. 
(21) 
And the independent 〈𝛽𝐼𝐽𝐾𝛽𝐼′𝐽′𝐾′〉 terms remaining in Eq. 18 are reduced to 
〈(𝛽𝑦𝑦𝑦
(2) )
2
〉 , 〈(𝛽𝑦𝑥𝑥
(2) )
2
〉 =
1
4
〈(𝛽𝑦𝑦𝑥
(2) + 𝛽𝑦𝑥𝑦
(2) )
2
〉 = 〈𝛽𝑥𝑦𝑦
(2) 𝛽𝑦𝑦𝑥
(2) 〉 = 〈𝛽𝑥𝑦𝑦
(2) 𝛽𝑦𝑥𝑦
(2) 〉 , 〈𝛽𝑧𝑦𝑦
(2) 𝛽𝑧𝑥𝑥
(2) 〉, 
  〈𝛽𝑦𝑦𝑦
(2) 𝛽𝑦𝑥𝑥
(2) 〉 = 〈𝛽𝑦𝑦𝑦
(2)
𝛽𝑥𝑦𝑥
(2) 〉 = 〈𝛽𝑦𝑦𝑦
(2)
𝛽𝑥𝑥𝑦
(2) 〉 ,
1
4
〈(𝛽𝑧𝑦𝑥
(2) + 𝛽𝑧𝑥𝑦
(2) )
2
〉 = 〈(𝛽𝑥𝑦𝑧
(2) )
2
〉. 
(22) 
Under these conditions, we thus obtain a general expression of 𝐼(2𝜔), in the polarization 
direction of ?̂?1, in terms of 𝜷
(2) tensor elements for HRS as follows 
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𝐼(2𝜔) =
𝑐𝑛𝑘0
4𝑁𝑚𝑉
32𝜋2𝜖0𝑅2
{〈(𝛽𝑦𝑦𝑦
(2) )
2
〉 (𝐸𝑥
4(sin𝜙𝑅 cos𝜑𝑒 + cos 𝜃𝑅 cos𝜙𝑅 sin𝜑𝑒)
2
+ 𝐸𝑦
4(cos𝜙𝑅 cos𝜑𝑒 − cos𝜃𝑅 sin𝜙𝑅 sin𝜑𝑒)
2)
+ 〈(𝛽𝑦𝑥𝑥
(2) )
2
〉 (𝐸𝑥
4(sin𝜙𝑅 cos𝜑𝑒 + cos 𝜃𝑅 cos𝜙𝑅 sin𝜑𝑒)
2 + 𝐸𝑥
4 sin2 𝜃𝑅 sin
2𝜑𝑒
+ 𝐸𝑦
4(cos𝜙𝑅 cos𝜑𝑒 − cos𝜃𝑅 sin𝜙𝑅 sin𝜑𝑒)
2 + 𝐸𝑦
4 sin2 𝜃𝑅 sin
2𝜑𝑒
+ 4𝐸𝑥
2𝐸𝑦
2(cos2𝜑𝑒 + cos
2 𝜃𝑅 sin
2𝜑𝑒)
+ 4𝐸𝑥𝐸𝑦(𝐸𝑥
2 + 𝐸𝑦
2) cos𝜙0 (sin𝜙𝑅 cos𝜑𝑒 + cos 𝜃𝑅 cos𝜙𝑅 sin𝜑𝑒)(cos𝜑𝑅 cos𝜑𝑒
− cos 𝜃𝑅 sin𝜙𝑅 sin𝜑𝑒))
+ 〈𝛽𝑦𝑦𝑦
(2) 𝛽𝑦𝑥𝑥
(2) 〉 (2𝐸𝑥
2𝐸𝑦
2 cos2𝜙0 (cos
2𝜑𝑒 + cos
2 𝜃𝑅 sin
2𝜑𝑒)
+ 4𝐸𝑥𝐸𝑦(𝐸𝑥
2 + 𝐸𝑦
2) cos𝜙0 (sin𝜙𝑅 cos𝜑𝑒 + cos 𝜃𝑅 cos𝜙𝑅 sin𝜑𝑒)(cos𝜙𝑅 cos𝜑𝑒
− cos 𝜃𝑅 sin𝜙𝑅 sin𝜑𝑒)) + 4 〈(𝛽𝑥𝑦𝑧
(2) )
2
〉 𝐸𝑥
2𝐸𝑦
2 sin2 𝜃𝑅 sin
2𝜑𝑒
+ 2 〈𝛽𝑧𝑦𝑦
(2) 𝛽𝑧𝑥𝑥
(2) 〉 𝐸𝑥
2𝐸𝑦
2 cos 2𝜙0 sin
2 𝜃𝑅 sin
2𝜑𝑒} 
(23) 
For the measurements of the scattered SH field in the scattering plane, i.e. the 𝑥𝑧-plane, the 
above seemingly cumbersome expression can be largely simplified with the condition that 
𝜙𝑅 = 0 and 𝜃𝑅 ∈ [−𝜋, 𝜋]: 
𝐼(2𝜔) =
𝑐𝑛𝑘0
4𝑁𝑚𝑉
32𝜋2𝜖0𝑅2
{〈(𝛽𝑦𝑦𝑦
(2) )
2
〉 (𝐸𝑥
4(cos 𝜃𝑅 sin𝜑𝑒)
2 + 𝐸𝑦
4(cos𝜑𝑒)
2)
+ 〈(𝛽𝑦𝑥𝑥
(2) )
2
〉 (𝐸𝑥
4 sin2𝜑𝑒 + 𝐸𝑦
4(cos2𝜑𝑒 + sin
2 𝜃𝑅 sin
2𝜑𝑒)
+ 4𝐸𝑥
2𝐸𝑦
2(cos2𝜑𝑒 + cos
2 𝜃𝑅 sin
2𝜑𝑒)
+ 4𝐸𝑥𝐸𝑦(𝐸𝑥
2 + 𝐸𝑦
2) cos𝜙0 cos𝜃𝑅 sin𝜑𝑒 cos𝜑𝑒)
+ 〈𝛽𝑦𝑦𝑦
(2) 𝛽𝑦𝑥𝑥
(2) 〉 (2𝐸𝑥
2𝐸𝑦
2 cos 2𝜙0 (cos
2𝜑𝑒 + cos
2 𝜃𝑅 sin
2𝜑𝑒)
+ 4𝐸𝑥𝐸𝑦(𝐸𝑥
2 + 𝐸𝑦
2) cos𝜙0 cos𝜃𝑅 sin𝜑𝑒 cos𝜑𝑒) + 4 〈(𝛽𝑥𝑦𝑧
(2) )
2
〉 𝐸𝑥
2𝐸𝑦
2 sin2 𝜃𝑅 sin
2𝜑𝑒
+ 2 〈𝛽𝑧𝑦𝑦
(2) 𝛽𝑧𝑥𝑥
(2) 〉 𝐸𝑥
2𝐸𝑦
2 cos2𝜙0 sin
2 𝜃𝑅 sin
2𝜑𝑒} 
(24) 
For the routinely performed SHS measurements in the SSS, PPP, SPP, and PSS 
polarization combinations, the measured SHS intensity can be given by 
𝐼𝑆𝑆𝑆(2𝜔) =
𝑐𝑛𝑘0
4𝑁𝑚𝑉𝐸𝑦
4
32𝜋2𝜖0𝑅2
〈(𝛽𝑦𝑦𝑦
(2) )
2
〉 
𝐼𝑃𝑃𝑃(2𝜔) =
𝑐𝑛𝑘0
4𝑁𝑚𝑉𝐸𝑥
4
32𝜋2𝜖0𝑅2
{〈(𝛽𝑦𝑦𝑦
(2) )
2
〉 cos2 𝜃𝑅 + 〈(𝛽𝑦𝑥𝑥
(2) )
2
〉 sin2 𝜃𝑅} 
𝐼𝑆𝑃𝑃(2𝜔) =
𝑐𝑛𝑘0
4𝑁𝑚𝑉𝐸𝑥
4
32𝜋2𝜖0𝑅2
〈(𝛽𝑦𝑥𝑥
(2) )
2
〉 
𝐼𝑃𝑆𝑆(2𝜔) =
𝑐𝑛𝑘0
4𝑁𝑚𝑉𝐸𝑦
4
32𝜋2𝜖0𝑅2
〈(𝛽𝑦𝑥𝑥
(2) )
2
〉    (25) 
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The subscripts of 𝐼(2𝜔), from left to right, denote the polarizations of the involved beams 
from the high frequency to the low frequency, respectively. 
 
Differences with previously published work 
In doing the derivation we would find the following differences with previous work, which we 
list here below for completeness. 
Bersohn et al. have several errors in their pioneering paper5: the expression of the 
scattering electric field vector (Eq. 20) is incorrect; not all the cross product of molecular 
dipoles equals zero; more non-zero cross product of  𝜷(2) elements should be considered in 
the calculation of the HRS intensity and included in table I in Ref. 5. 
In the theoretical study by Shelton13, the discussion of the SH response of molecules 
(𝜷(2)) stopped in the lab frame; there is no discussion about the link between the lab frame 
and individual molecules. The expressions of the two transverse-optical (TO) modes (Eqs. 7 
and 8) are incorrect in Ref. 13. The given expressions in the paper fail to satisfy the 
requirement of mutual orthogonality between the two TO modes and the longitudinal-optical 
mode (expressed in Eq. 9).  
In the work of Bersohn et al.5, Kauranen and Persoons11, and Shelton13, only the 
detection polarizations of the SH light in the directions that is parallel to the 𝑥𝑧-scattering 
plane and the corresponding orthogonal direction were considered. Besides, the pre-factors 
in the expression of the SH intensity, which are crucial for quantitative evaluations, were 
either omitted or not considered in a consistent way. 
 
For isotropic liquids and other isotropic media such as gases, we can calculate the molecular 
hyperpolarizability by inserting the SH intensity measured under different conditions into the 
above equations. On the other hand, knowing values of the 𝜷(2) tensor elements, from such 
as those calculated for water molecules by ab initio simulations, we can calculate SHS 
patterns in different polarization combinations. Any significant deviations between the 
calculation and measurement data indicate the presence of coherent SHS and thus 
correlations between the noncentrosymmetric molecules. 
 
Conclusions 
In summary, we present complete expressions for HRS from isotropic liquids with more 
general considerations of the scattering geometry and polarization states of involved light 
compared to the previous theoretical studies of HRS. The table of independent 〈𝛽𝐼𝐽𝐾𝛽𝐼′𝐽′𝐾′〉 
terms is completed by expanding from 6 terms (given in Ref. 5) to 10 terms. The general 
expressions of the SH intensity (Eq. 23) are given as a function of the input optical fields,  
〈𝛽𝐼𝐽𝐾𝛽𝐼′𝐽′𝐾′〉  of the liquid molecules, and the scattering geometry. We can use these 
expressions and their simplified versions (Eqs. 24 and 25) to quantitatively evaluate HRS 
from isotropic liquids and make comparisons with the measured quantities under various 
experimental conditions. 
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